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Abstract

We construct a nonlinear finite volume (FV) scheme for diffusion equation on star-shaped polygonal meshes and prove that
the scheme is monotone, i.e., it preserves positivity of analytical solutions for strongly anisotropic and heterogeneous full ten-
sor coefficients. Our scheme has only cell-centered unknowns, and it treats material discontinuities rigorously and offers an
explicit expression for the normal flux. Numerical results are presented to show how our scheme works for preserving posi-
tivity on various distorted meshes for both smooth and non-smooth highly anisotropic solutions. And numerical results show
that our scheme appears to be approximate second-order accuracy for the solution and first-order accuracy for the flux.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Accurate and reliable discretization methods are very important for the numerical simulations of Lagrang-
ian hydrodynamics. Development of a new discrete scheme for diffusion equation should satisfy some desir-
able properties [11], specifically the scheme must

— be locally conservative, or ensure the continuity of the normal flux through cell interfaces;

— be monotone, i.e., preserve positivity of the differential solution or satisfy the discrete maximum principle;
— be reliable on unstructured anisotropic meshes that may be severely distorted;

— allow heterogeneous full diffusion tensors;

— result in a sparse system with minimal number of non-zero entries;
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— have the accuracy that is higher than the first order for smooth solutions;
— have only cell-centered unknowns.

Monotonicity is one of the key requirements to discretization schemes. In the context of anisotropic ther-
mal conduction, the scheme without preserving monotonicity can lead to the violation of the entropy con-
straints of the second law of thermodynamics, causing heat to flow from regions of lower temperature to
higher temperature. In regions of large temperature variations, this can cause the temperature to become neg-
ative. In order to avoid negative temperature, the scheme must be monotone. For the linear cases, the mono-
tonicity is equivalent with the discrete maximum principle. However, for general cases, the discrete maximum
principle is more restrictive than monotonicity.

It is well known that classical finite volume (FV) and finite element (FE) schemes fail to satisfy the discrete
maximum principle for strong anisotropic diffusion tensors and on distorted meshes [7,9,15]. To our knowl-
edge, a linear scheme satisfying all the above requirements is not known. There are several different linear
schemes [1,2,4,5,8,10,13,14,16,18] satisfying one or more requirements above, but not all of them. For exam-
ple, some schemes must impose severe restrictions on the geometry of meshes or diffusion coefficients in order
to satisfy the monotonicity or the discrete maximum principle. Recently, based on repair technique and con-
strained optimization, two approaches have been suggested to enforce discrete maximum principle for linear
finite element solutions of general elliptic equations with self-adjoint operator on triangular meshes in [12].

The criteria for the monotonicity of control volume methods on quadrilateral meshes was derived in[15], and it
was shown that it is impossible to construct linear nine-point methods which unconditionally satisfy the mono-
tonicity criteria when the discretization satisfies local conservation and exact reproduction of linear solution.

On the other hand, a few nonlinear schemes [6,11,17] have been proposed to guarantee monotonicity. A
nonlinear stabilized Galerkin approximation of the Laplace operator has been analyzed in [6] and a nonlinear
FV scheme for highly anisotropic diffusion operators on unstructured triangular meshes has been proposed in
[17]. It was shown in [17] that the scheme is monotone only for parabolic equations and sufficiently small time
steps. The nonlinear FV scheme suggested in [17] has been further developed and analyzed for elliptic prob-
lems in [11], which satisfies the above requirements on triangular meshes. They proved that the scheme is
monotone on triangular meshes for strongly anisotropic and heterogeneous full tensor coefficients, with a spe-
cial choice of collocation points (i.e., cell centers). Moreover, they did not propose a monotone scheme for
anisotropic and heterogeneous full tensor coefficients on general polygonal meshes.

In this paper we will further develop the nonlinear monotone FV schemes, and construct a nonlinear FV
scheme with monotonicity for anisotropic and heterogeneous full tensor coefficients on polygonal meshes. We
will propose an adaptive strategy of constructing discrete flux to guarantee monotonicity on polygonal meshes.
The basic idea is to choose appropriate cell-edge in the derivation of discrete flux expression according to mesh
geometry. Compared with [11], our scheme is monotone for strongly anisotropic and heterogeneous full tensor
coefficients on polygonal meshes, and need not use a specific definition of collocation points. For our scheme, we
can simply take collocation points as the cell centers which are defined in Lagrangian hydrodynamics algorithm
for polygonal meshes. It follows that our scheme avoids a remap from the values on collocation points to those on
cell centers, and would be suitable for coupled radiation diffusion/hydrodynamics calculations on such meshes.
Moreover an alternative interpolation technique is used and compared with other techniques in [11,21].

The remainder of this article is organized as follows. In Section 2 we describe the construction of the non-
linear FV scheme and then prove it is monotone. In Section 3 we extend this scheme to non-stationary diffu-
sion equations. Then in Section 4 we present some numerical results to illustrate the features of the scheme.
Finally some conclusions are given in Section 5.

2. Construction of monotone nonlinear scheme
2.1. Problem and notation

Consider the stationary diffusion problem for unknown u = u(x):

—V-(kVu)=f inQ, (2.1)
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u(x) =g on 0Q, (2.2)

where Q is an open bounded polygonal set of R> with boundary 0Q, and « is diffusion tensor (possibly
anisotropic).

In this paper, we use a mesh on Q2 made up of polygons and denote the cell by K or L. And with each cell K
we associate one point (the so-called collocation point or cell center) denoted also by K: the centroid is a qual-
ified candidate but other points can be chosen.

We assume that each polygon is star-shaped with respect to the collocation point, that is any ray emanating
from the cell center K intersects the boundary of cell K at exactly one point. Note that any convex polygon
satisfies the assumption.

Denote the cell vertex by 4, B or Py, Py, P3, Py, ..., and the cell side by o (see Fig. 2.1). If the cell side o is a
common edge of cells K and L, and its vertices are A and B, then we denote

o =K|L = BA.

Let 7 be the set of all cells, £ be the set of all cell side, and Ex be the set of all cell side of cell K. Denote
Eimi = ENQ, Eo = ENOQ. Denote h = (supKEjm(K))l/z, where m(K) is the area of cell K.

We adopt the following notations (see Fig. 2.1). 7ig, (resp. #;,) is the unit outer normal on the edge o of cell
K (resp. L). There holds iix, = —ii;, for ¢ = K | L. Txp, and 7;p, are the unit tangential vectors on the line KP;
and LP; (i =1,2,...), respectively.

Let xT be the transpose of matrix «. The ray originated in the point K along the direction x "7, must intersect
one of the cell-side of cell K, and this cell-side is denoted by P, P,, and the cross point is O;. Similarly, the ray
originated in the point L along the direction k"7, must intersect one of the cell-side of cell L, and we denote
this cell-side by P3Py, and the cross point is O,. Let 0k, be the angle between KP, and KO, 0k, be the angle
between KO, and KP», 0;, be the angle between LP4 and LO,, and 0,, be the angle between LO, and LP5. Denote
Ok = Ok, + Ok,, 1.e., O is the angle between KP, and KP,, and 0, = 0,, + 0,,, 1.e., 0, is the angle between LP5 and
LP,. Notice that the polygon is star-shaped, then the three point K, P; and P, can form a triangle, 0 is an inter-
nal angle of the triangle KP,P,. Similar, 6; is an internal angle of the triangle LP;P,. Hence, there are

0 g GK];HKNOL]’GLZ <m,
and

O<9K,0L<TC.

2.2. Construction of scheme

Integrate (2.1) over the cell K, to obtain

ka‘a = /Kf(x)dxv (23)

O‘Ef[(

Fig. 2.1. Stencil and notation.
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where the continuous flux on the edge o is

Fro= —/ k(x)Vu(x) - fig.dl. (2.4)

a

Noticing that
(kVu) -v=Vu- (k),

we have
Fro= —/ Vu(x) - k(x) fig,dl. (2.5)

Since KP; and KP, are two edges of the triangle KPP, the two vectors ?Kpl and ?KPZ cannot be collinear (see
Fig. 2.1). Then there is

kK'ik,  sinl,- sin O, -

- = — txp " tgp, - 2.6
|k Trig, sinOx = ' sinOg (2.6)
Similarly, there is
k', sinf, - sin 0y, - 5
T2 = LPy . LPy- ( 7)
|k 7L, sin 0, sin 0,

Substituting (2.6) into (2.5), we obtain

R sin 0 - sin 0
Fo = [ 16 (S )+ 5
a

Vu(x) . ?sz) d/

sin Ox in Ox
= e Ry o] (S MOl S tP) K)o,
Similarly, we have
Fro= = [ 0l (S Tule) T+ S o) T, )
KL o] (Ssllrlll HHLL u(PT)L}:AU(L) 881111119012 M(PS&J;M(L)) +O(),

Let Fx, (F1,) be the discrete normal flux on edge o of cell K (L,resp.) defined as follows:

sin Ok, up, — ux  sin Ok, up, — ug
sinfx  |KP| sinfx  |KP,| )’
sin0p, up, —u;, sin0, up, —uy
sinf, |LP4] sinf, |LPs| )

Frn = —|KT<1<>ﬁKU|o|(

Fro =~ Lol
By continuity of the normal flux component Fg, = —F;,, we have
. sin 9[{ Up, — Uk sin HK Up, — Uk
F s = — T K . _ 2 1 _ 1 2
K, | (K)iig ”a'(sm O0x  |KP]| sinlx  |KP,|
T N sin 0L2 Up, — ug sin GLI Up, — Up
K (L - ; ,
+ sl (Lo le] (sm 0. |LP4] sinf; |LP;|

where y; and p, are some coefficients satisfying p; 4+ p, = 1, which will be determined later. The above equa-
tion can be rewritten to

|kT(K)iik,||o] (sinfOk, sinb, |kT(L)iiL,||o| (sin6,, sin6y,
Fyo=1 - K — L - =+ ur
sin Ok |KPy|  |KPs| sind,, |LP4y| ~ |LP3|

|k (K)iig,| || (sin Ok, sin O, |kT(L)7iL,||o| (sin0y, sin 0,
_ : , sy 4o ) (28
' sinfg |KP, | e+ |KP; | e 2 sin6, ! | “rs (238)

ILPy| "™ " |LP;
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In order to obtain the two-point flux approximation, the third and fourth term of the above expression should
be vanished. Hence we choose y; and p, such that

{#1 +u =1, (2.9)
—aipy +axi, =0,
where
[T (K)iig,||o| (sin Ok, sin Oy,
T sinlc < KP,| " T KP) ”P2>’
= |KT([.J);‘1’LJH0| <sin 01, o sin 0y, u >
sin 6, |LP4| % |LPs]
If a; + a» # 0, then we can obtain
a a
i e (2.10)
If a; + a>, = 0, we can take
1
Hr=H =5
From the definitions of 0O, ,0x,,0,,,0.,, Ok and 0,, we know that
sinfg, > 0, sinl, >0, sin0, >0, sin0, > 0,
and
sinlOg >0, sin0; > 0.
Hence, there are
a =20, a =20,
provided that
up, 20, i=1,234,..., (2.11)
which imply that
1 =0, ty = 0.
For 0 = K|L € &y, by (2.8) and (2.9), we have
T U e U
= Ak oux — Ao, (2.12)
where
T(r\7 : : T(K\7
sl ggw (S}? 1§| Lo §|> e YI?ST["'“" o13)
and
T(7\7 : : T(7\7
o )

Under the condition (2.11), it is obvious that there are

Ak, = 0, Aps = 0.
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For ¢ C 92 N 0K (see Fig. 2.1), the ray originated in the point K along " 7'k, intersects an edge G = P,P)
with the cross point O; € 6, where ¢ may be ¢ or not, and in this case we define

[T (K)iig,||o| [sin Ok sin Ok sinOg, sin Ok
Fo. — K& : Lp, — (0% Ve | = Ay g — g, 2.15
K, sin0c | K| kR, T KRy T O[KP,) )| T ARt T AR (2.15)
where
Ay, — |kT(K)iig,||o| (sin Ok, sin 0O,
< sin 91( |KP1 ‘ |KP2‘ ’
|kT(K)iik,||o] (sin O, sin O,
Ko — s —Up, up, |.
sSin 01( |KP1 l |KP2|

In the formulae (2.12) and (2.15), if P; lies on 0%, then we take up, = gp, in the corresponding formula.

In order to ensure the effect of boundary condition, we require there exists at least one edge o C 0K
(K NOQ C E) such that the ray originated in the cell center K along ' 7'k, intersects one edge & satisfying
6 N 0Q # (). If the above condition is not satisfied, we can obtain the expression of F, on boundary similar to
Section 2.3. Hence, we can always ensure the effect of boundary condition.

With the definition of F, the finite volume scheme is constructed as follows:

> Fro=fim(K), VK€J, (2.16)
ok
up, = g, VP, €0Q, (2.17)

where fx = f(K).
It is obvious that the cell center can be defined at any position of a cell in our scheme. The coefficients Ax ,
and A4, , depend on the cell vertex unknowns, hence, the scheme is nonlinear.

2.3. Robin boundary conditions
Consider the following robin boundary conditions:
oxkVu - v+ fu =g, (2.18)

where V is the outward unit normal vector of domain Q.
Integrate (2.18) on cell-side ¢ € 0R2 to obtain

/UomVu-VJrl,Bu:/ag. (2.19)

Let K be the midpoint of o, then we have
axFxo+ |o]Brux = |o]g, (2.20)

where

}'Kﬂz/;cVu-V:—/KVu-ﬁK?g.
a a

Next, we discrete the above expression. As the vector x'V is an outward vector of the domain Q, which is
always true due to the physics of the problem, the ray originated in the point K along the direction x 7, inter-
sects one of the segments L4 and LB (see Fig. 2.2), this segment is denoted by P, P,, and the cross point is O;.
In this figure, the points P, and L are the same point.
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P(A) AK Ty,

Fig. 2.2. Boundary stencil.

Similar to Section 2.2, we define

in 0 - in 0 _
Fm=—m|xT<K>ﬁm||a(s‘ ks U — i, Sin O, up, )

sinfx  |KP| sinfx  |KP,|
sin 0[2 Up, — Ur sin 0L| Up, — Ug
sinf, |LP4] sinf, |LPs| )’

+u2|KT<L>ﬁLa||o|(

Noticing that the points P; and L are the same point, we can rewrite the above equation to

r |kT(K)iig,||o| (sin O, —sin b,
¢ = : 3 u
Ko = T 0 0, KP| " |KPy] )"
[ KN (D)f||a] (sin 04, N sin 0y, N |kT(K)iig,||o| sin Ok, )
2 sin6y ILPy| ' |LPs| 1 sin 6y \KL| |
[T (K)iig,||o| sin O, |kT(L)iiL, ||| (sin 6y, sin 0y,
- - 2.21
' sinf |KP,| e, 4 sin 0y, \LP,| " |LPs| “ps (221)

In order to obtain the two-point flux approximation, these terms including the values of vertex in the
expression (2.21) should be vanished. Hence, we choose p; and y, such that

{:u1+1u'2:17 (222)
—a + Al = 07
where
[T (K)iik,||o| sin O,
a, = p up,,
sin Ok |KP,|
[T (L)L, o] (sin 0, sin 0y,
a) = " Up, Upy |.
sin 0, |LPy| |LP;|
If a; + a» # 0, then we can obtain
as ag
= , = . 2.23
i a +a = ay + a ( )

If a; +a, = 0, we can take

1
= =5

Similar to the Section 2.2, we can see that

a =0, a = 0,
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provided that
up, 20, =234 ...

Hence, there are
=0, p =0
By (2.21) and (2.22), we get

FK,rr = AK,(I”K - AL.G‘”L?

where
kT (K)iig,||o| (sin O sin 0
AK,a:,U1| ()KH | K2+ K ,
sin Oy |KPi|  |KPs|
and
1 |kT(L)7iL,||a| (sin6, sinfy, |kT(K)iig,||o| sin Ok,
Lo =600, ILPy| " |LPs| ' sin0c |KL|

Under the condition (2.24), it is obvious that there are
Aks, 20, 4., = 0.
By (2.20) and (2.25), we have

(o Ak o + || B )uk — oxALou = |o|gg.

2.4. Special case

Next, we consider the special case of k = AI, where [ is a unit matrix.

6295

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

In this case, when we consider the normal flux through an edge ¢ = K | L (the common side of cell K and L),
the vertical line from the cell center K to the cell-side ¢ will always intersect one of cell-side P, P, of cell K (see
Figs. 2.3, 2.4 and 2.5). The vertical line from the cell center L to the cell-side ¢ will always intersect one of cell-

side P3P, of cell L.

Obviously the unit normal vectors 7ig, and 7, can be expressed by the linear combinations of two unit vec-

tors with direction from the cell center to the cell vertex (see Fig. 2.3, 2.4 and 2.5), that is

. sin O, - sin O, -

Nge = — Ikp, - tkp,,
sin O sin Ox

. sin 0, - sin 0y, -

e =

- LP - 1rpy-
sinf;, ©* sin0,

Fig. 2.3. Special stencil 1.

(2.29)

(2.30)
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Fig. 2.5. Special stencil 3.

Similar to Section 2.2, we need only to set |x'(K)iig,| = |A(K)| and |T(L)ii,| = |A(L)|, then we can obtain the
discrete normal flux on edge o of cell K as follows:

|A(K)||o| (sinfk, sin b, |[A(L)||o] (sin@,, sinf
Fxo= . : - - :
K= gnee kP TRe )" T i, \zea ey )™M
|[A(K)||o] (sin O, sin Ok, |A(L)||o| (sin Oy, sin 0y,
. : 2 a1 b . 2.31
Usinoe kP " R ) T e, \Eey M T ey M (231)
Denote
AMK)|o| (sin O, sin O,
= . - uP[ uPz )
sinfOg \ |KP| |KP,|
_ )V(L) |O" sin 9L2 sin 9L1
“ = o, \Jzpy M e ")
and
a a
= , = , 2.32
H a; +a = a, + a ( )
Then we can obtain the discrete normal flux on cell-side a:
F](,O- = A[(‘O-u]( — AL.o'uL7 (233)
where
|A(K)||o| (sin Ok, sin0k A(K)|a|
Ag, = , L) = —5—, 2.34
S ey I TN RN TN (234)
[A(L)||e] (sin@, sinfy, A(L)|o]
AL = : = . 2.35
Lo =G0, \Jzpd T ILp| 2720, (235)
When up, (i=1,2,3,4,...), there are

>0
Ago =0, Ay, > 0.



G. Yuan, Z. Sheng ! Journal of Computational Physics 227 (2008) 62886312 6297
2.5. The expression of cell vertex unknowns

It is obvious that the coefficients A¢, and A, , depend on the vertex unknowns, i.e., there are the vertex
unknowns in addition to cell-centered unknowns in the expression of flux. Now we consider how to eliminate
the vertex unknowns locally, or approximate the vertex unknowns by the cell-centered unknowns.

Two interpolation techniques have been considered in [11]. One is the linear interpolation by three
unknown values of cell centers closest to the cell vertex [17]. Another is the inverse distance weighting [21]
of the vertex value u, for all cell K € J sharing A as a vertex, i.e.,

wi= 3 oo = AL
A — KWK, WK — 1>
KeU(4) ZLEZ/{(A) b, — A

where U(A4) is the collection of these cells K that have A as a vertex.

We proposed some other methods of eliminating the vertex unknowns in [20]. Now we describe briefly one
of the methods, which will be used in Section 4. Let

p
wy =Yy, (2.36)
J=1

where g; are the center of cell around the vertex p, n,, is the number of cell sharing the vertex p, and w; are some
combination coefficients.

When the diffusion coefficient x is continuous, we require that w; (j=1,...,n,) satisfy the following
relation:
7’lp
> o =1,
=1
p
Ejlxq/_pcoj =0, (2.37)
J=
"p
;y q/pw/ - 0’
wherex,, = x, —x,and y, , =y, —y, (/=1,...,n,). The linear system associated with this problem reduces

to a under-determined system, we can solve this problem by using the least-squares method (see [20]).
When the coefficient « is discontinuous, we determine the coefficients by the continuity of normal flux and
tangential gradients at the cell vertex(see [20]).
However, the coefficients »; maybe negative, hence it maybe lead to u, < O evenifallu, (j=1,...,n,) are
non-negative. In this case we can use any interpolation of preserving positivity, e.g. the inverse distance
weighting method, to guarantee u, > 0.

2.6. Discrete system
Substituting (2.12) and (2.15) into (2.16), we get a nonlinear algebraic system. Let U be the vector discrete

unknowns and 4(U) be the matrix of this system. The matrix 4(U) may be represented by assembling of 2 x 2
matrices

a0 = (

for interior edges and 1 x 1 matrices 4,(U) = A ,(U) for boundary edges. The global discrete nonlinear sys-
tem reads as:

Ak .(U) ALJ(U)>
—Ax,(U)  A,,(U)

A(U)U =F, (2.38)



6298 G. Yuan, Z. Sheng ! Journal of Computational Physics 227 (2008) 62886312

where

A(U) =) N,4,(U)N], (2.39)

ge€

and N, are assembling matrices consisting of zeros and ones.
The matrix 4(U) is non-symmetric and has the following properties:

1. All diagonal entries of matrix A(U) are positive.
2. All off-diagonal entries of 4(U) are non-positive.
3. Each column sum in A(U) is non-negative and there exists a column with a positive sum.

These properties implies A(U) is weak diagonal dominance in column.
The nonlinear system (2.38) may be solved by a number of different methods. Just as [11] we use the Picard
iterations: Choose a small value &,0, > 0 and initial vector U° > 0, and repeat for k =1,2,...,

1. Solve A(U"U* =F,
2. Stop if AUV — F|| < tanll AU U — F.

The linear system with non-symmetric matrix 4(U*"") is solved by the Bi-Conjugate Gradient Stabilized
(BiCGStab) method. The BiCGStab iterations are terminated when the relative norm of the initial residual
becomes smaller than g;,.

In our numerical experiments, the Picard iteration always converge, however, the number of nonlinear iter-
ation is excessive. For some stationary problems, the number of nonlinear iteration is over 20. However, the
main issue of this paper is the construction of monotone scheme, and the consideration for computational effi-
ciency is our future plan.

2.7. Monotonicity

In order to show that our schemes are monotone, we introduce the following lemma [3].
Lemma 2.1. For an irreducible matrix A = (aij-)m satisfying a; > 0 (1 <i<n)and a;; <0 (1 <i,j<n,i#j),
if A is weak diagonal dominance in rows, that is

ay=0 (i=12,...,n), (2.40)
j=1

with strict inequality for at least one of the Eq. (2.40). Then the matrix A is an M-matrix.
Now, we state that our scheme is monotone.

Theorem 2.2. Let F > 0, U° > 0 and linear systems in Picard iterations are solved exactly. Then all iterates U*
are non-negative vectors:

Ut > 0.
Proof. We first prove that the matrix 4(U) is monotone for any vector U with non-negative components. In
the above section, we have state some properties of matrix 4(U). It is obvious that the matrix A" (U) satisfies
the conditions of Lemma 2.1, hence A*(U) is an M-matrix, that is all entries of (47(U))™" are non-negative.

Since inverse and transpose operation commute, (47(U))"' = (47" (U))", we conclude that all entries of
A7'(U) are non-negative and A(U) is monotone for any vector U > 0.

Noticing that U° > 0, we assume for some integer ko > 0,

Uh=1 > 0.
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Hence, the matrix 4(U* 1) is monotone, that is 4~ (U*~1) > 0. Also notice F > 0, it follows that the solu-
tion U of A(U*~")U* = F is a non-negative vector, that is

Uk > 0.
By induction argument, there are

U* >0, forallk > 0. O

3. Extension to non-stationary diffusion equations

Consider following non-stationary diffusion problem:

u— V- (k(x,)Vu) = f in Q x (0,77, (3.1)
u(x,1) =g on 0Q x (0, 7], .
u(x,0) = ¢(x) on Q, (3.3)

where k = k(x,?) is a diffusion tensor, /' = f(x,¢), g = g(x,¢) and @(x) are given functions.
Integrate (3.1) over the cell K to obtain

/ wdx+ Y Fril = / £x, 7 )dx, (3.4)
K rTEgK K

where the continuous flux on edge o is
]-",Q*; = —/ 1, Y Vu(x, ) - diggdl. (3.5)

Using the similar process as for stationary diffusion problems, we obtain the finite volume scheme of the
problem (3.1)—(3.3):

n+1

Ug  —Ug _”K

+ ZF;H] _ n+1 ([()7 K e Q7 (36)

(=g
rz+1 g;-H, P, € 00,
uz =¢(K), KeQ,
where
Fiy = Ag u =4t o =K|L € Ein,

and Fy'! is similar to (2.15) for 0 € Exy.
Let U""! be the vector discrete unknowns and B(U"*") be the matrix of this system. The matrix B(U""") can
be represented by the combination of two matrices B, (U""") and B,(U"'"), that is

B(Un+1) — Bl(Un+l) +Bz(U”+l).

The matrix B;(U"™") may be represented by assembling of 2 x 2 matrices

B, (U™ AATHU)  —Ad (U)
b "\ —Aaurlw) Aur ) )

The matrix B,(U""") is diagonal matrix, and may be represented by assembling of 1 x 1 matrices
By (U™!) = (m(K)).
The global discrete nonlinear system reads as:

B(Un+l)Un+l :FVH»I' (39)
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We use the Picard iteration method in Section 2.6 to solve the above system. It is easy to see that the solu-
tion satisfies (U"*")" > 0 for k and n, provided that f(x,#) > 0,g(x,7) = 0 and ¢(x) > 0.

There has no stability constraint for time step due to the implicit time discretion, and our scheme is mono-
tone for any time step Ar > 0.

4. Numerical experiments

We use several numerical experiments to demonstrate that the discretization scheme satisfies the practical
requirements mentioned in the introduction. The convergence rate is studied and the positivity of discrete
solution is verified on different types of meshes.

We use discrete L,-norms to evaluate approximation errors. For the solution u, we use the following L,-
norm:

1/2
& = [Zw - u<K>>2m<K>] .

keJg

For the flux F, we use the following L,-norm (which is different from that defined in [11])

Fo_
& =

1/2
Z(FK,O' - fK,a)2‘| .

=

For the stationary diffusion problems, we take &,,, = 1.0e — 5 and &;, = 1.0¢ — 10. For the non-stationary
diffusion problems, we take &,,, = 1.0e — 5 and ¢, = 1.0e — 15.

The random quadrilateral meshes over the physical domain Q =[0,1] x [0,1] is defined by x; =
4+2(R, —0.5), y,; =5+ 5(R, —0.5), where ¢ € [0, 1] is a parameter, R, and R, are two normalized random
variables. In this paper, we let ¢ = 0.7.

In the following Sections 4.1-4.5, we will use our method of eliminating the cell vertex unknowns men-
tioned in Section 2.5, moreover two other methods are considered and compared with ours in the Section 4.6.

4.1. Positivity of numerical solutions

Let us consider the problem (2.1), (2.2) in the unit square Q = (0,1)* and set

_<ﬁ+%2 —(1 =gy

= . e=5x107, 4.1
—(1—¢)xy WUXZ> @)

and

1 if (x,y) € [3/8,5/8°,
0 otherwise.

Sx,p) = {

We impose the homogeneous Dirichlet boundary condition on 0€Q.

First, we test our nonlinear FV scheme on rectangular meshes and random quadrilateral meshes (see
Fig. 4.1). The exact solution u(x,y) is unknown but the maximum principle states that it is non-negative.
The numerical solutions obtained by the MPFA (MPFA-O method in [1]) and our scheme on rectangular
meshes and random quadrilateral meshes are shown in Figs. 4.3 and 4.4, respectively. From these figures,
we see that MPFA produces negative values, however, our scheme preserves the positivity of the continuous
solution. For the rectangular meshes, there are about 13% of all cells on which the numerical solution obtained
by the MPFA is negative. Moreover, for the random quadrilateral meshes, the numerical solutions obtained
by the MPFA has non-physical oscillations.

For the rectangular meshes, the number of nonlinear iteration is 35. For the random quadrilateral meshes,
the number of nonlinear iteration is 40. The computational efficient will be considered in the future.
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Fig. 4.1. Random quadrilateral meshes.
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Fig. 4.2. Random triangular meshes.

Umin = —3.8FE — 5, Umar = 0.144 Umin = 1.3E — 13, Umae = 0.124
MPFA Our scheme

Fig. 4.3. Comparison of MPFA and our scheme on rectangular meshes.

Then, we test our scheme on uniform triangular meshes and random triangular meshes (see Fig. 4.2). The
numerical solutions obtained on uniform triangular meshes and random triangular meshes are shown in
Fig. 4.5, which demonstrates that our scheme preserves positivity of the solution.
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Umin = —0.11, Upmaz = 0.17 Unin = 2.3E — 11, e = 0.124
MPFA Our scheme

Fig. 4.4. Comparison of MPFA and our scheme on random quadrilateral meshes.

Umin = 2.TE — 12, Upqee = 0.117 Umin = 3.9 — 10, Upqee = 0.116

Fig. 4.5. Solution profile on uniform triangular (left) and random triangular meshes (right).

4.2. Non-smooth anisotropic solution

Let us now consider the problem (2.1), (2.2) with a non-smooth anisotropic solution. The computational
domain is the unit square with a hole, @ = (0,1)”\ [4/9, 5/9]*, the boundary 0 is composed of two disjoint
parts I'y and I'y as shown in Figs. 4.6 and 4.7, where I'; is the interior boundary and I’y is the exterior
boundary.

Weset f =0,g=0o0n Iy g=2on I}, and take the anisotropic diffusion tensor k as follows

cos sinf ki O cos) —sin6
K= ) . , (4.2)
—sinf cos0 0 k sinf cos0
where &y = 1, k, = 100 and 6 = 7/6.

We test this problem on two different meshes. One is the random triangular meshes with a hole (see
Fig. 4.6), the other is the random quadrilateral meshes with a hole (see Fig. 4.7), and the scale of mesh is
72 x 72. The numerical solutions on random triangular meshes are shown in Fig. 4.8, the minimum value
is close to zero and the maximum value is 1.988. The numerical solutions on random quadrilateral meshes

are shown in Fig. 4.9, the minimum value is also close to zero and the maximum value is 1.981. Hence,
our method obtains the non-negative discrete solutions.
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Fig. 4.6. Random triangular meshes with a hole.

Fig. 4.8. Problem with non-smooth anisotropic solution on random triangular meshes with a hole: (a) colormap of numerical solution; (b)
solution profile: (umin = 1.2E — 14, wuy. = 1.988). (For interpretation of the references in colour in this figure legend, the reader is referred
to the web version of this article.)

4.3. Heterogeneous diffusion tensor

In this section we demonstrate that our scheme can handle strong jumps of full diffusion tensor across mesh
edges. Consider the problem (2.1), (2.2) in the unit square Q = (0, 1)2 with the source term
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05
w

Fig. 4.9. Problem with non-smooth anisotropic solution with on random quadrilateral meshes with a hole: (a) colormap of numerical
solution; (b) solution profile: (uyim = 1.2E — 14, uy,, = 1.981). (For interpretation of the references in colour in this figure legend, the
reader is referred to the web version of this article.)

10000 if (x,y) € [7/18,11/18]%,
f(w):{ (vy) € [1/18,11/15]
0 otherwise.

and the homogeneous Dirichlet boundary condition g = 0.

The domain Q is partitioned into four square subdomains Q;, i = 1,...,4, as shown in Fig. 4.12a. The dif-
fusion tensor is given by formula (4.2) with different parameters k1, k, and 6 in subdomains ;. First, we fix the
anisotropy ratio by setting k; = 10°> and &, = 1 and vary only parameter 6 (see Fig. 4.12a). Second, we use
different parameters k;, k» and 6 on different subdomains(see Fig. 4.13a). We compute these problems on ran-
dom quadrilateral meshes (see Fig. 4.10), and the scale of mesh is 72 x 72. In both cases we get the non-neg-
ative discrete solutions (see Fig. 4.12b and Fig. 4.13b).

4.4. Results on polygonal meshes

In this subsection, we test our scheme on polygonal meshes. Consider the problem in Section 4.1 and use the
polygon meshes shown in Fig. 4.11. The polygon meshes is generated by Voronoi tessellation, and the site
points are centers of random meshes. The contour of discrete solution on rectangular meshes and polygonal
meshes are shown in Figs. 4.14 and 4.15, respectively. We see that the contour on polygonal meshes accord with
that on rectangular meshes. Moreover, the numerical solution obtained by our scheme is non-negative in €.

09E
08F
07F

06F

> 05F ++
LT

04F

03E
02F
0.1k

5 . . . 05 . . . 1 |
"'

Fig. 4.10. Random quadrilateral meshes.
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a b

0=-7/6 0=r/6

|
/

6=n/6 O=-7/6

k=100 k=1

Fig. 4.12. Principle directions of the anisotropic diffusion tensor with fixed eigenvalues £, and %, (left picture) and profile of discrete
solution on random quadrilateral meshes (right picture).

a
O=-1/6 =116
k=10 k, =1000
k=1 P

0=r/6 O=-7/6
k, =1000 k=10
k= ky=1

2

Fig. 4.13. Principle directions and eigenvalues of heterogeneous anisotropic diffusion tensor (left picture) and profile of the discrete
solution on random quadrilateral meshes (right picture).

4.5. Problem with mixed boundary conditions

In this subsection, we consider the diffusion problem with mixed boundary conditions. The equation is the
same as Section 4.1, but with the following mixed boundary condition:
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0.00 17— T
000 020 040 060 080 100

Fig. 4.14. The contour on rectangular meshes.

1.00

0.80

0.60
0.40

0.20 H

0.00 4——— —
000 020 040 060 080 100

Fig. 4.15. The contour on polygonal meshes.

u+xkVu-v=0 aty=0, kVu-v=0 aty=1,
u+xkVu-v=0 atx=0, kVu-v=0 atx=1.
We test this problem on random quadrilateral meshes (see Fig. 4.1). The numerical solutions obtained by
our scheme on random quadrilateral meshes are shown on Fig. 4.16. From this figure, we see that our scheme
preserves the positivity for the problem with mixed boundary conditions.

4.6. The accuracy of our scheme

Now we consider the accuracy of our nonlinear FV scheme with three methods (I)~(III) of eliminating the
cell vertex unknowns. The first method (I) is our method described in Section 2.5. The second method (II) is

Fig. 4.16. Solution profile on random quadrilateral meshes for the problem with mixed boundary conditions (#pin = 2.13E — 9, ey =
0.2141).
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the inverse distance weighting method (see [11]) mentioned in Section 2.5. The third method (III) is the simple
weighting method, that is,

w; = 1/n,

where n, is the number of cell sharing the cell vertex p.

4.6.1. The elliptic problem

Consider the problem (2.1), (2.2) with Dirichlet boundary condition in the unit square Q = (0, 1)2. Let
x = RDRT, and

(cos@ sin9> (kl O>
R= . ) D= )
sinff  cos0 0 kK
where 0 = 3%, k; = 1+ 2x> + 7, ky = 1 +x* 4+ 2)*. The solution is chosen to be u(x,y) = sin(nx) sin(my).

We test our method (I) on random quadrilateral meshes (see Fig. 4.17) and random triangular meshes (see
Fig. 4.18). Table 4.1 gives L,-norm of the error between exact solution and numerical solution and L,-norm of
the error between exact flux and numerical flux on random quadrilateral meshes. From this table, one can

know that our method gives second-order convergence rate for the solution and the first-order convergence
rate for the flux.

S

L
l“

[S
i
f

"l‘hA.q“

PisE

Fig. 4.17. Random quadrilateral meshes.
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Fig. 4.18. Random triangular meshes.
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Table 4.1

Convergence results for the elliptic problem on random quadrilateral meshes (method I)

The number of cell 64 256 1024 4096 16384

& 1.37E-2 2.54E-3 6.61E—4 1.64E—4 3.83E-5
Rate - 2.43 1.94 2.01 2.10

& 1.76E—1 7.11E-2 3.28E-2 1.59E—2 791E-3
Rate - 1.31 1.12 1.04 1.01

Tables 4.2 and 4.3 give the numerical results of the methods (II) and (IIT). We can see that the error of these
methods are not remarkably decreased as the number of cells is increased. Hence, the methods of inverse dis-
tance weighting and simple weighting fail to convergence as the number of cells is increased, which demon-
strate that the methods of eliminating the cell vertex unknowns will remarkably affect the accuracy of
scheme, and in some cases they lead to convergence failure.

Table 4.4 gives L,-norm of the error on random triangular meshes. It shows that our method (I) also
obtains second-order convergence rate for the solution and first-order convergence rate for the flux on random
triangular meshes.

Tables 4.5 and 4.6 give the numerical results of the methods (II) and (III) on random triangular meshes,
which show that the error of these methods are not remarkably decreased as the number of cells is increased.
Hence, these methods also fail to convergence as the number of cells is increased.

From these experiments, we conclude that our method (I) of eliminating the cell vertex unknowns men-
tioned in Section 2.5 is robust.

E?)}r)lfe?;nce results for the elliptic problem on random quadrilateral meshes (method II)

The number of cell 64 256 1024 4096 16384

& 1.22E-2 1.46E—2 1.67E—2 1.72E-2 1.74E-2
& 3.66E—1 2.27E—-1 2.79E-1 2.71E-1 2.79E-1
Table 4.3

Convergence results for the elliptic problem on random quadrilateral meshes (method I11)

The number of cell 64 256 1024 4096 16384

& 3.48E-2 3.26E-2 3.85E-2 3.87E-2 3.88E-2
& 8.09E—1 4.67E—1 6.26E—1 5.95E-1 6.10E—1
Table 4.4

Convergence results for the elliptic problem on random triangular meshes (method I)

The number of cell 128 512 2048 8192 32768

& 1.06E—2 2.23E-3 6.43E—4 1.70E—4 4.48E-5
Rate - 2.25 1.79 1.92 1.92

& 1.27E—1 591E-2 2.56E—2 9.36E—3 4.16E-3
Rate - 1.10 1.21 1.45 1.17
Table 4.5

Convergence results for the elliptic problem on random triangular meshes (method II)

The number of cell 128 512 2048 8192 32768

& 1.52E-2 9.55E-3 1.19E-2 1.19E-2 1.20E—2

& 1.35E—-1 5.17E-2 4.73E-2 3.18E-2 2.30E-2
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Féilr)ll\?ej;nce results for the elliptic problem on random triangular meshes (method III)

The number of cell 128 512 2048 8192 32768

& 3.51E-2 2.08E—-2 2.67E-2 2.64E-2 2.67TE-2
& 7.14E—1 3.66E—1 5.20E—1 4.95E—1 5.05E-1

4.6.2. The parabolic problems

Then consider the problem (3.1)—(3.3) with Dirichlet boundary condition in the unit square Q = (0, 1)2. Let
k(x,t) =1, f =0, g =0 and ¢ = sin(nx) sin(ny). The exact solution is u = e 2" sin(nx) sin(ny).

We test our method (I) on random quadrilateral meshes and random triangular meshes, respectively. Table
4.7 and 4.8 give L,-norm of the error on random quadrilateral meshes and random triangular meshes, respec-
tively. In these computations, we take 7 = 0.1 and A7 = 1/N, where N is the number of cell. We take this small
time step in order not to affect the spatial accuracy. From these tables, we can see that our method gives sec-
ond-order convergence rate for both the solution and the flux.

4.6.3. Discontinuous coefficient problem
Next, we consider a discontinuous coefficient problem (see [4]). The conductivity « is discontinuous and
given by
1
29
Ky, xX>13.

Ki, X<
K =

We set f = 0 and the exact solution is

(x.) a+ bx+cy, x <
u(x,y) = e
’ a+b gt +bilxtcy, x>

b

[SIESIES

This solution and its normal component of flux are continuous at x = %, while tangential component of flux is
k1c on the left side of the interface and k,c on the right side of the interface.

The numerical experiments use k] =4, Kk, = 1, a = b = ¢ = 1 and the random meshes shown in Fig. 4.19.
We apply Dirichlet boundary conditions which are directly deduced from the analytical solution.

The calculated isolines of the numerical solution on random meshes are shown in Fig. 4.20. The L,-norm of
error is 9.27E—16. For this test problem, the L,-norm of the scheme in [4] is 2.03E—3 on random meshes
(10 x 10), while the asymptotic errors obtained by our scheme are close to zero. Hence, our scheme reproduces
exactly the linear solution.

Table 4.7

Convergence results for the parabolic problem on random quadrilateral meshes

The number of cell 64 256 1024 4096

& 2.30E-2 5.63E—3 1.40E-3 3.53E—4

Rate - 2.03 2.01 1.99

& 2.06E—1 5.20E-2 1.31E-2 3.39E-3

Rate - 1.99 1.99 1.95

Table 4.8

Convergence results for the parabolic problem on random triangular meshes

The number of cell 128 512 2048 8192

& 2.18E-2 5.32E-3 1.31E-3 331E-4
Rate - 2.03 2.02 1.98

& 2.82E—1 7.12E-2 1.77E-2 4.50E-3
Rate - 1.99 2.01 1.98
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Fig. 4.19. The random meshes with a discontinuity at x = % (8 x 8).
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Fig. 4.20. Isolines for the discontinuous coefficient problem.

4.6.4. Highly anisotropic tensors problem
In this subsection, we give the convergence analysis of the method for highly anisotropic tensors.
Consider the problem (2.1), (2.2) with Dirichlet boundary condition in the unit square Q = (0, 1)2. Let

(0 «)

K= ,

0 hk

where x; = 10 and x, = 0.01. The solution is chosen to be u(x,y) = sin(nx) sin(my).

We test our scheme on random quadrilateral meshes (see Fig. 4.17). Table 4.9 gives L,-norm of the error
between exact solution and numerical solution and L,-norm of the error between exact flux and numerical flux

Ezlr)llje?;nce results for highly anisotropic tensors problem on random quadrilateral meshes

The number of cell 64 256 1024 4096 16384

& 1.20E-2 3.51E-3 1.21E-3 3.12E—4 1.02E—4
Rate - 1.77 1.54 1.96 1.61

& 8.90E—1 3.13E-1 1.50E—1 6.07E—2 2.77E-2

Rate - 1.51 1.06 1.31 1.13
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on random quadrilateral meshes. From this table, one can know that our method obtains the convergence rate
larger than one and a half-order for the solution and the first-order convergence rate for the flux.

4.6.5. Problem with mixed boundary conditions
Consider the following diffusion problem (see [19]):

10u © Ou 0 Ou

——=_—|D—| +—|D—| + /.
v Ot ax[ ax] +6y{ 6y] +f

The boundary conditions are that there is zero flux through the top and bottom boundaries and mixed or Ro-

bin boundary conditions on the left and right boundaries:

D%zo at y =0, D%zo aty=1,
dy y
Ou Ou
u—2D—=0 atx=0, u+2D—=1 atx=1.
Ox Ox

The initial condition is u(x,y,0) = 0.
We consider the problem with v =300, D =4, and f =0, which has 1D linear steady-state solution
u=(x+2D)/(1+4D). We take Ar=1.0E —2, T =1, and compute this problem on the random meshes

(see Fig. 4.21). The calculated isolines of the numerical solution on random mesh are shown in Fig. 4.22.
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Fig. 4.21. The random meshes (8 x 8).
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Fig. 4.22. Isolines on the random meshes.
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The L-norm of error is 1.51le—15. It obviously that our scheme reproduces the steady-state solution exactly
on this random meshes.

5. Conclusions

The new nonlinear FV scheme that we have constructed for solving diffusion equations is monotone on
star-shaped polygonal meshes. This FV scheme is a development of the scheme proposed in [11]. The construc-
tion of the FV scheme on unstructured polygonal meshes is based on an adaptive strategy of discretization of
flux. The resulting scheme satisfies the practical requirements mentioned in Section 1, without severe restric-
tions on meshes and diffusion coefficients and without a specific definition of collocation points. It follows that
our scheme would be suitable for coupled radiation diffusion/hydrodynamics calculations on polygonal
meshes. Numerical experiments demonstrate the ability of preserving positivity of the new nonlinear scheme
and also show that the convergence rate of the scheme is about the same as that of some known linear FV
schemes.
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